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ABSTRACT: To obtain a further understanding of macromolecular configurations, additional calculations have
been carried out for self-avoiding walks on a tetrahedral lattice. Exact formulas are given for numbers of self-avoid-
ing walks with one component of length approaching its maximum value. Two different Monte Carlo methods for
obtaining distributions of end-to-end separations are described. The statistical studies, in conjunction with the
exact calculations, give accurate length distributions for walks of 21 through 24 steps and somewhat less accurate
information for walks of 30 steps. The results gained so far will improve extrapolations for long-chain behavior.

The problem of predicting theoretically the distribution
of end-to-end separations of flexible polymer chains has
proved to be exceedingly difficult.2 Even assuming a very
simple model, such as a self-avoiding random walk on a lat-
tice, the problem remains quite complex indeed. Neverthe-
less, considerable progress has been made through a variety
of methods including limited exact enumerations,®7 Monte
Carlo techniques,®!2 and asymptotic approaches.'3-15

The results of analytic studies have been encouraging,
but not fully satisfactory. Although pure counting tech-
niques®7 appear to be most direct, they rapidly become
overly cumbersome as the contour lengths of the chains in-
crease. Generating function techniques have given rise to
an improved insight of the problem by simplifying old re-
sults but without yielding much new information.'41% In
this paper we shall describe some further efforts designed
to extend our range of knowledge of the distribution of end
points for self-avoiding random walks on a tetrahedral lat-
tice.

It is not difficult in principle to set up procedures for the
exact enumeration of lattice chain configurations, but the
tremendous number of configurations encountered as con-
tour lengths are increased overwhelms the capacity of gen-
erally available computers. On the other hand, sampling
techniques can be used to good practical advantage, pro-
vided necessary precautions are observed in such a statisti-
cal approach.

In an effort to extend the range of exact counts of distin-
guishable configurations on a lattice, we proceeded by what
we shall call a “stride” method. A stride is defined as an ac-
ceptable sequence of a fixed number of steps; the strides in
the work here reported were six steps long. On a tetrahe-
dral lattice, there are a total of 948 non-self-intersecting
six-step strides of which only 79 are rotationally nonsuper-
imposable. The computational procedure consists first of
determining which strides can follow other strides making
sure that no interstride double occupancy of lattice sites
occurs when one stride is attached to another. By combin-
ing two strides in this way, one can identify all self-avoid-
ing walks of 12 steps. At the same time, one establishes in
essence the transition matrix for the coupling of strides,
subject to the constraint that no double site occupancies
occur between adjacent strides.

The next step in the procedure is to determine what
third strides can be attached to the allowable combinations
of two strides. Nothing new is involved in asserting which
third strides might be attached to the second strides, since
that is established in the two-stride problem. However, it is
necessary to find out if a third stride interferes with the
first one when a particular second stride intervenes. Upon
excluding configurations involving interference between

first and third strides, one can then establish all permissi-
ble configurations of 18 steps.

In principle, this procedure can be extended indefinitely.
Let s equal the number of strides and suppose the s-stride
problem has been all worked out. To solve the s + 1 stride
problem, one must first add strides to the acceptable s-
stride configurations subject to the condition that the new
s-stride combinations obtained by omitting the first stride
are likewise acceptable. Tests are then carried out to deter-
mine whether the last, or (s + 1)th, strides are compatible
with the first ones. Actually the scheme ultimately breaks
down because of the sheer volume of data that must be
stored and the prodigious amount of computation required
if one seeks to count all possible configurations. In fact, we
were unable to carry it through for four strides, so it was
necessary to take recourse to Monte Carlo sampling of
strides, utilizing information gained in solving the two-
stride problem.

Relatively few chains have lengths approaching their
maximum values and the great majority of them have
smaller end-to-end separations. Accordingly, a sampling
technique will yield, a priori, few long chains but many rel-
atively short ones. Happily, it is possible to analyze limited
exact enumeration studies to deduce formulas that give
exact counts for chains with long components of length.
Such formulas used in conjunction with samples obtained
statistically for shorter chains can give a fairly accurate
overall picture. Suppose N,(x) is the number of configura-
tions of n steps with x equal to the corresponding compo-
nent of end-to-end separation. Utilizing data reported by
Wall and Hioe” on exact counts for walks on a tetrahedral
lattice up to 20 steps, we have been able to set forth equa-
tions for N,(x) forx =n,n—2,n —4,...n — 12, It is as-
sumed that each step has an x component equal to £1; the
maximum component is thus equal to n, with all others dif-
fering from n by an even number. The appropriate formu-
las for N,(x) are given in Table 1.

The first statistical attack we pursued is one we shall call
the total distribution approach. To obtain total distribu-
tion samples for n = 24, we proceeded as follows. All of the
independent six-step walks were each followed by equal
numbers of randomly selected trial strides. In each in-
stance, the trial stride was checked to see if it was compat-
ible with the first one. Each of the allowable two-stride
configurations of 12 steps so obtained was similarly aug-
mented by randomly chosen trial strides to give walks of 18
steps. The process was then repeated once more to yield
3,483,818 configurations of 24 steps.

In another set of calculations, using a somewhat different
method of pseudo-random processing, we generated
4,662,440 additional walks of 24 steps. All configurations in
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TableI
Numbers of Self-Avoiding Walks of n Steps with Final
Coordinate x, N,(x), on a Tetrahedral Lattice

N, = 2"
Nn—2)=2"n + 2)

Nn—4) = @420 + 9n + 4)
N(n —6) = @m8/31)(° + 21%2 + 14n + 84); 1 > 6
N,n— 8) = @78/41)(* + 387 + 10T + 4121 +
606) n> 10
N,n — 10) = @"1/5)( + 60n* + 435#° + 57014 +

7949% + 19,410); n > 13
N,n ~ 12) = @™%/61)(f + 87Tn® + 12254* + 7954° +
47,64412 +~ 112,203n + 209,745); n > 16

Table I1
Numbers of Self-Avoiding Walks on a Tetrahedral
Lattice Computed Statistically Using the Weighted Total
Distribution Method?

N,{x) with n =

X 24 30

0 20,207,000,000 10,655,000,000,000

2 20,096,000,000 10,584,000,000,000

4 19,068,000,000 10,100,000,000,000

6 16,932,000,000 9,281,000,000,000

8 14,105,000,000 8,097,000,000,000

10 10,825,000,000 6,6'75,000,000,000

12 7,569,400,000 5,131,000,000,000
(7,575,395,584)

14 4,697,000,000 3,687,000,000,000
(4,699,631,616)

16 2,543,100,000 2,416,000,000,000
(2,537,373,6986)

18 1,154,900,000 1,428,200,000,000

(1,150,812,160) (1,421,137,395,714)

20 417,400,000 742,700,000,000

(417,333,248) (746,375,348,225)

22 105,200,000 339,200,000,000

(109,051,904) (339,959,873,536)

24 17,600,000 128,000,000,000

(16,777,2186) (129,754,988,544)

26 38,900,000,000

(39,392,903,168)

28 8,300,000,000

(8,589,934,592)

30 1,000,000,000

(1,073,741,824)

Total 2.1527 x 10 1.28 x 10

@ Exact numbers calculated using formulas of Table I are given in
parentheses underneath statistical numbers.

this latter group were in turn augmented by six trial
strides, thereby generating 24,244,714 walks of 30 steps.

The results obtained for n = 24 and n = 30 were then an-
alyzed in the following way. The total number of walks ob-
tained with x components in the range n = |x| =2 n — 12
were grouped together and divided into the exact total to
establish a weight factor. The exact total was calculated
using the equations of Table I. The number of statistical
samples obtained for each value of x in the long-component
range was small, but the consolidated group was of suffi-
cient size to be more meaningful. The actual numbers of
configurations obtained for n — 14 = |x| = 0 were then
multiplied by the weight factor to bring them into scale
with the long component configurations for which we had
exact information. The results of these computations are
given in Table II.
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The total distribution approach described above gives
information for the whole range of end-to-end separations.
However, if one seeks the probabilities of obtaining partic-
ular end-to-end separations, another method appears to be
more attractive. This involves a procedure which we shall
call the fixed coordinate technique.

Suppose, for example, we want to obtain information
about self-avoiding walks of 24 steps with x components of
length equal to 10 units. This can be accomplished by
checking pairs of 12-step walks so chosen that the sum of
their x components equals 10. For this purpose we need
only consider the pairs (12,—2), (10,0), (8,2), and (6,4); be-
cause of symmetry, it is unnecessary to work with (4,6),
(2,8), (0,10), and (—2,12). Since there are a tremendous
number of such combinations, we found it necessary, once
again, to take recourse to statistical methods. By pseudo-
random selection of pairs of 12-step walks, subject to the
constraint of a fixed component sum and to the elimination
of those configurations involving intersections, we were
able to obtain further results as shown in Table III. The
fixed coordinate technique was carried out for walks with n
= 21, 22, 23, and 24 steps.

A comparison of the results obtained by the two methods
for n = 24 provides some idea as to the reliability of the re-
sults. For the range 0 <{x| < 10 (for which we do not have
exact formulas) the largest relative difference between the
fixed coordinate and the total distribution methods was
0.81% for x = 6 and the smallest was 0.17% for x = 0. An-
other check on the reliability of the two methods can be
made by comparing the weighted numbers obtained for the
range n — 12 < |x| < n with the results of exact calcula-
tions. For the fixed coordinate method, the maximum error
is —0.59% for N24(12) and the root-mean-square error for
Noy is 0.2%. Because of the paucity of samples, equally
good agreement would not be expected for the fringe areas
using the total distribution technique. Nevertheless, except
for No4(22), Nog(24), and for N3o(x) with x = 24, 28, 28,
and 30, the results are most gratifying. This suggests that,
as x becomes smaller, the relative calculated populations
should be even better.

Although both methods give substantially the same re-
sults, it is apparent that, for values of }x| approaching n,
the fixed coordinate method is more effective; on the other
hand, the total distribution method is best suited for |x|
near zero. Both methods effect major computational time
savings by utilizing the transition matrix of stride on stride
acceptability. This is true because single yes-no calls in an
array can be done much faster than point-by-point checks
for possible looping. However, the time gain is made at the
cost of storage, so this looms as a limiting factor in the com-
putations. Since the transition matrix consists only of ones
and zeros (to denote that two strides are or are not compat-
ible), it is useful to store the array in bit string form. Be-
cause the programming language known as PL/I is highly
suitable for manipulating such data, that language was
used on an IBM 370-155 for the computations.

In addition to the distribution data, it is of interest to
know something of the total number of configurations. In
Table IV we see how the total number of self-avoiding
walks, N, on a tetrahedral lattice changes with the num-
ber of steps for the range studied. An analysis of the data
reported earlier by Wall and Hioce” for n < 20 showed that
for extrapolation purposes the best equation found for a
three-point fit was given by

In{N,/4" = alnn + gn + v (1)

where the three points must correspond to all even or all
odd numbers. The fact that there is an even-odd zig zag in
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Table 111
Numbers of Self-Avoiding Walks on a Tetrahedral Lattice Computed Statistically
Using the Fixed Coordinate Method?
N,{x) with n =
x 21 22 23 24
0 2,560,500,000 20,241,000,000
1 883,050,000 7,172,600,000
2 2,533,400,000 20,017,000,000
3 855,310,000 6,922,000,000
4 2,381,200,000 18,950,000,000
5 774,200,000 6,332,300,000
6 2,088,500,000 17,070,000,000
7 653,000,000 5,423,000,000
8 1,701,700,000 14,182,000,000
9 504,800,000 4,2174,400,000
(505,074,944)
10 1,259,000,000 10,858,000,000
(1,255,697,856)
11 3,085,000,000
(345,074,432) (3,096,091,904)
12 7,530,000,000
(829,816,832) (7,575,395,584)
13
(205,770,752) (1,981,318,144)
14 4,6178,000,000
{478,097,408) (4,699,631,616)
15
(103,219,200) (1,104,379,904)
16 2,537,000,000
(231,604,224) (2,537,3173,696)
17
(41,549,824) (517,391,184)
18 1,152,000,000
(89,915,392) (1,150,812,160)
19
(12,058,624) (193,986,560)
20 419,700,000
(25,165,824) (417,333,248)
21
(2,097,152) (52,428,800)
22 109,100,000
(4,194,304) (109,051,904)
23
(8,388,608)
24 16,777,216

(16,7717,216)

o Exact numoers calculated using formulas of Table I are given in parentheses underneath statistical numbers.

Table IV
Total Number of Configurations, N, of
Self-Avoiding Walks of n Steps on a Tetrahedral Lattice

Method used n N,
Exact 18 362,267,652
19 1,052,271,732
20 3,061,900,516

Fixed coordinate

statistics 21 8,760,900,000
22 25,799,000,000
23 74,15%7,000,000
24 215,410,000,000

Total distribution
statistics 24 215,270,000,000
30 128,000,000,000,000

certain properties, such as the moments, has been noticed
before* and is not surprising. Utilizing exact data” for n =
18, together with the total distribution data for n = 24 and
n = 30, we find that eq 1 can be used to fit Nis, No4, and
Ngo with a = —5.569972 X 10783, 3 = —0.32148126, and vy =
0.5573574.

Finally, even though the regular moments of the distri-
bution are functions of n, it appears®7 that certain reduced
moments are not; accordingly, we include data on those re-
duced moments. Let the 2pth reduced moment be defined
by Map = (x2P)/(x2)P. In Table V we show values of My,
Mg, and Mg for various n, including exact values for n =
18, 19, and 20 for comparison.

Discussion

The Monte Carlo results for the distribution of self-
avoiding walks on a tetrahedral lattice are believed to be
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Table V
Reduced Moments of Distributions for Self-Avoiding
Walks of n Steps on a Tetrahedral Lattice

n M, M, M;
Total
distribution
statistics 18 2.4802 8.8920 39.541
Exact 18 2.4785 8.8814 39.497
19 2.4897 8.9926 40,446
20 2.,4972 9.0752 41,193
Fixed
coordinate
statistics 21 2.495 9.068 41.25
22 2.519 9,292 43.04
23 2.522 3.326 43 .36
24 2.523 9.359 43.78
Total
distribution
statistics 24 2.531 9.429 44.31
30 2.562 9.751 47,27
o0 2.65 10.8 58.0

2 Taken from ref 7.

quite accurate for values of n up to 24. (We are less sure of
the results for n = 30.) A comparison of the exact and sta-
tistical values, displayed in Tables II and 111, supports this
conclusion.

Another check on the general validity is obtained by con-
sidering the total number of walks calculated in two differ-
ent ways. In preparing Tables II and III, we used the num-
bers of fringe walks, for which we have exact formulas, to
establish weight factors. Alternatively, we could examine
the overall attrition attending interstride exclusions. Sup-
pose after 18 steps we try ¢t different six-step strides, cho-
sen randomly, to bring each walk up to 24 steps. If there
are s successes, then we could calculate the total number of
walks for n = 24 as follows:
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N24 = N18948(S/t) (2)

The factor 948 appears because there are precisely that
many six-step strides of which ¢ are tried. The computation
can, of course, be generalized to cover the addition of more
than one stride. Under those circumstances, we would cal-
culate for p additional strides

Nues = N, [](948s /1)) (3)

where i denotes an added stride.

Since we know N1g exactly, we used eq 2 and found that
Nyy = 2.1521 X 10!; this is about 0.06% less than the num-
ber calculated using the weight factor obtained from exact
formulas for fringe configurations. The results for N3 and
the distribution associated with n = 30 are, of course, less
reliable than those for n = 24, Nevertheless, we feel that
the method used is not only valid but highly effective, and
only more computation time is necessary to reach high pre-
cision. Once accurate values are obtained for n = 30, ex-
trapolation can be carried out with greater confidence than
heretofore.
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ABSTRACT: The rotatory diffusion coefficient, intrinsic viscosity, and rigidity of straight cylindrical macromole-
cules are evaluated by an application of the Oseen~Burgers procedure of hydrodynamics. Plots of the reduced in-
trinsic viscosity and rigidity against the reduced frequency are rather insensitive to the change in the ratio of length
to diameter. In particular, the high frequency limit of the latter is exactly independent of the molecular weight and
takes the Kirkwood—Auer limiting value of 3 for an infinitely long rod.

In previous papers,’ the steady state transport coeffi-
cients of stiff chains have been evaluated by an application
of the Oseen-Burgers procedure of classical hydrodynamics
to wormlike cylinder models with some comments? on Ull-
man’s treatment?® of the same problem. For example, the
phenomenological friction constant per unit chain contour
length remains in his final results, though his equations in
the nondraining limit are equivalent to ours. In the present
paper, it is shown that the kernels of his* and our integral

equations are also different in the case of the rotatory dif-
fusion, dynamic viscosity, and rigidity of rodlike or straight
cylindrical macromolecules.

The present work has also been motivated by the very
recent experimental results. The data obtained by Nemoto®
for tobacco mosaic virus show that the high frequency limit
of the reduced intrinsic rigidity is independent of the mo-
lecular weight and takes the Kirkwood-Auer limiting
value® of % for an infinitely long rod. However, the Ullman



